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Non-Convex Optimization in Machine LearningNon-Convex Optimization in Machine Learning

Generalized linear models have (generally) convex loss functions

SVMs (including non-linear ones) have convex loss functions, but have 
inequality constraints that make the problem difficult

What samples are support vectors?

Models with non-convex loss functions:
Multi-layer neural nets
Discriminative training of mixture models
Any model with “products” of parameters
Any models with complex non-linearities after parameters

Non convexity is scary to some, but there are vastly different types of non 
convexity (some of which are really scary!)
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Convexity is OverratedConvexity is Overrated

Using a suitable architecture (even if it leads to non-convex loss 
functions) is more important than insisting on convexity (particularly 
if it restricts us to unsuitable architectures) 
e.g.: Shallow (convex) classifiers versus Deep (non-convex) 
classifiers

Even for shallow/convex architecture, such as SVM, using 
non-convex loss functions actually improves the accuracy and speed 
See “trading convexity for efficiency” by Collobert, Bottou, 
and Weston, ICML 2006 (best paper award)
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NormalizedUniform Set: Error RatesNormalizedUniform Set: Error Rates

 Linear Classifier on raw stereo images:  30.2% error. 
 KNearestNeighbors on raw stereo images:  18.4% error.
 KNearestNeighbors on PCA95: 16.6% error.
 Pairwise SVM on 96x96 stereo images:  11.6% error
 Pairwise SVM on 95 Principal Components: 13.3% error.
 Convolutional Net on 96x96 stereo images:     5.8% error. 

Training instances Test instances
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NormalizedUniform Set: Learning TimesNormalizedUniform Set: Learning Times

SVM: using a parallel implementation by 
Graf, Durdanovic, and Cosatto (NEC Labs) 

Chop off the
last layer of the
convolutional net
and train an SVM on it
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Experiment 2: JitteredCluttered DatasetExperiment 2: JitteredCluttered Dataset

  291,600 training samples, 58,320 test samples
 SVM with Gaussian kernel 43.3% error
Convolutional Net with binocular input:   7.8% error
 Convolutional Net + SVM on top:   5.9% error
 Convolutional Net with monocular input: 20.8% error
 Smaller mono net (DEMO): 26.0% error
 Dataset available from http://www.cs.nyu.edu/~yann
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JitteredCluttered DatasetJitteredCluttered Dataset

OUCH! The convex loss, VC bounds
and representers theorems
don't seem to help

Chop off the last layer,
and train an SVM on it
it works!
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ExampleExample

Simple 2-class classification. Classes are 
drawn from Gaussians distributions

Class1: mean=[-0.4, -0.8]
Class2: mean=[0.4,0.8]
Unit covariance matrix
100 samples

Least square regression with y in {-1,+1}

L (W )=
1
P
∑
i=1

P
1
2
∥y i−W ' X i∥2
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ExampleExample

Batch gradient descent
Learning rate = 1.5
Divergence for 2.38
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ExampleExample

Batch gradient descent
Learning rate = 2.5
Divergence for 2.38
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ExampleExample

Batch gradient descent
Learning rate = 0.2
Equivalent to batch learning 
rate of 20
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Computing the Diagonal Hessian in Complicated StructuresComputing the Diagonal Hessian in Complicated Structures
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Computing the Diagonal Hessian in Complicated StructuresComputing the Diagonal Hessian in Complicated Structures
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Stochastic Diagonal Levenberg-MarquardtStochastic Diagonal Levenberg-Marquardt
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Stochastic Diagonal Levenberg-MarquardtStochastic Diagonal Levenberg-Marquardt
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ExampleExample

Stochastic Diagonal 
Levenberg-Marquardt

Learning rates:
Eta0 = 0.12
Eta1 = 0.03
Eta2 = 0.02
Lambda_max = 0.84
Max batch learning 
rate: Etamax = 2.38
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ExampleExample

Stochastic Diagonal 
Levenberg-Marquardt

Learning rates:
Eta0 = 0.76
Eta1 = 0.18
Eta2 = 0.12
Lambda_max = 0.84
Max batch learning 
rate: Etamax = 2.38
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Newton's Algorithm as a warping of the spaceNewton's Algorithm as a warping of the space
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Newton's algorithm is like GD in a warped space

Precomputed warp = preconditioning
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Computing the Hessian by finite difference (rarely useful)Computing the Hessian by finite difference (rarely useful)
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Gauss-Newton Approximation of the HessianGauss-Newton Approximation of the Hessian
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What does the Hessian look like in a neural net?What does the Hessian look like in a neural net?
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What does the Hessian look like in a neural net?What does the Hessian look like in a neural net?

These big eigenvalues
Will kill your convergence

Histogram of Hessian Eigenvalues
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What does the Hessian look like in a neural net?What does the Hessian look like in a neural net?
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Making the Hessian better conditionedMaking the Hessian better conditioned

The Hessian is the covariance matrix of the inputs (in a linear system)

H=
1
2P

∑
i=1

P

X i X i '

Non-zero mean inputs create large 
eigenvalues!

Center the input vars, unless 
it makes you lose sparsity 
(see Vowpal Wabbit)

Decorrelate the input vars
Correlations leads to ill 
conditioning

Decorrelation can be done with a “Karhunen-Loève transform (like PCA)
Rotate to the eigenspace of the covariance matrix

Normalize the variances of the input variables
or use per-weight learning rates / diagonal Hessian
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Computing the product of the Hessian by a VectorComputing the product of the Hessian by a Vector
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Using the Power Method to Compute the Largest EigenvalueUsing the Power Method to Compute the Largest Eigenvalue
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Using the Power Method to Compute the Largest EigenvalueUsing the Power Method to Compute the Largest Eigenvalue
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Stochastic version of the principal eigenvalue computationStochastic version of the principal eigenvalue computation
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Recipe to compute the maximum learning rate for SGDRecipe to compute the maximum learning rate for SGD
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Recipe to compute the maximum learning rate for SGDRecipe to compute the maximum learning rate for SGD
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Recipe to compute the maximum learning rate for SGDRecipe to compute the maximum learning rate for SGD
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Recipe to compute the maximum learning rate for SGDRecipe to compute the maximum learning rate for SGD
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Tricks to Make Stochastic Gradient WorkTricks to Make Stochastic Gradient Work

Best reads:
Yann LeCun, Léon Bottou, Genevieve B. Orr and Klaus-Robert 
Müller: Efficient Backprop, Neural Networks, Tricks of the Trade, 
Lecture Notes in Computer Science LNCS 1524, Springer Verlag, 
1998. http://yann.lecun.com/exdb/publis/index.html#lecun-98b
Léon Bottou: Stochastic Gradient Tricks, Neural Networks, Tricks of 
the Trade, Reloaded, 430–445, Edited by Grégoire Montavon, 
Genevieve B. Orr and Klaus-Robert Müller, Lecture Notes in 
Computer Science (LNCS 7700), Springer, 2012.
http://leon.bottou.org/papers/bottou-tricks-2012

Tricks
Average SGD: http://leon.bottou.org/projects/sgd
Normalization of inputs
All the tricks in Vowpal Wabbit

http://yann.lecun.com/exdb/publis/index.html#lecun-98b
http://leon.bottou.org/papers/bottou-tricks-2012
http://leon.bottou.org/projects/sgd
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Learning Rate Schedule + Average SGDLearning Rate Schedule + Average SGD

Learning rate schedule (after Wei Xu & Leon Bottou)

Average SGD: time averaging (Polyak & Juditsky 1992)
Report the average of the last several weight vectors
e.g. by using a running average

ηt=η0/(1+λ η0 t)
0.75
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the loss landscape for a 2-layer neural netthe loss landscape for a 2-layer neural net

The simplest 2-layer neural net:
1 input, 1 output, 1 hidden unit
2 weights, 2 biases

Non-linearity: tanh(X)

Targets: -0.5 for class 1, +0.5 for class 2

Training set: 2 samples
0.5  0.5→
-0.5  -0.5→

Task: “identity function”.
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Deep Learning is Hard?Deep Learning is Hard?

Example: what is the loss function for the simplest 2-layer neural net ever
Function: 1-1-1 neural net. Map 0.5 to 0.5 and -0.5 to -0.5 
(identity function) with quadratic cost: 
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the loss landscape for a 2-layer neural netthe loss landscape for a 2-layer neural net

The simplest 2-layer neural net:
1 input, 1 output, 1 hidden unit
2 weights, 2 biases

Non-linearity: 1.71.tanh(2/3 X)

Targets: -1 for class 1, +1 for class 2

Training set: 20 samples
Class 1: 10 samples drawn from a Gaussian with 
mean -1 and standard deviation 0.4
Class 2: 10 samples drawn from a Gaussian with 
mean +1 and standard deviation 0.4

Task: “noisy identity function”.
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the loss landscape for a 2-layer neural netthe loss landscape for a 2-layer neural net

Learning rate = 0.4
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Deep Learning is Hard?Deep Learning is Hard?

The loss surface is non-convex, ill-conditioned, has saddle points, has flat 
spots.....

For large networks, it will be horrible!

It will be horrible if the network is tall and skinny.

It won't be too bad if the network is short and fat.

A very large first layer
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Shallow modelsShallow models

1957: perceptron: fixed/random first layer. Trainable second layer

1985: backprop: both layers are trained. But many people are afraid of the 
lack of convergence guarantees

1992: kernel machines: large first layer with one template matcher for 
each training sample. Trainable second layer
sparsity in the second layer with hinge loss helps with efficiency, 
but not with accuracy

if your first layer is very large

you don't need to train it
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Back-prop learning is not as bad as it seemsBack-prop learning is not as bad as it seems

gradient descent is unreliable when the network is small, particularly 
when the network has just the right size to learn the problem

the solution is to make the network much larger than necessary and 
regularize it (SVM taught us that).

Although there are lots of local minima, many of them are equivalent
it doesn't matter which one you fall into
with large nets, back-prop yields very consistent results

Many local minima are due to symmetries in the system

Breaking the symmetry in the architecture solves many problems
this may be why convolutional nets work so well
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